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Kreweras studied a polynomial Pn(q) which enumerates (labeled) rooted forests
by number of inversions, as well as complements of parking functions by the sum
of their terms. Moreover, Pn(1+q) enumerates labeled connected graphs by their
number of excess edges. For any positive integer k, there are known notions of
k-parking functions and of (labeled) rooted k-forests, generating the case k=1
studied by Kreweras. We show that the enumerator P (k)n (q) for complements of
k-parking functions by the sum of their terms is identical to the enumerator of
I (k)n (q) of rooted k-forests by the number of their inversions. In doing so we find
recurrence relations satisfied by P (k)n (q) and I
(k)
n (q), and we introduce the concept
of a multirooted k-graph whose excess edges and roots are enumerated by a poly-
nomial denoted C (k)n (q). We show that C
(k)
n (q) satisfies the same recurrence rela-
tions as both P (k)n (1+q) and I
(k)
n (1+q), proving that P
(k)
n (q)=I
(k)
n (q).  1997
Academic Press
1. INTRODUCTION
Kreweras has studied a family of polynomials satisfying the following
recurrence relation:
P1(q)=1,
(1)
Pn+1(q)= :
n
i=0 \
n
i+ (qi+qi&1+ } } } +1) Pi (q) Pn&i (q),
and he has given two combinatorial realizations of the family. His argu-
ment, in fact, shows that the inversion enumerator of trees on n+1 labeled
vertices is identical to the generating functions of complements of parking
functions. (For the exact definition, see Section 2.)
The purpose of this paper is to generalize the recurrence relation (1) and
to prove the equality of k-inversion enumerator of rooted forests on n
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labeled vertices and the generating function of complements of k-parking
functions. These results are used by Stanley [9] in his work on the
extended Shi arrangement.
2. PRELIMINARY
Given a tree T on n+1 labeled vertices [0, 1, ..., n], an inversion of the
tree T is a pair (i, j ) for which i< j and j lies on the unique path connecting
0 to i. Let inv(T) denote the number of inversions of T. The inversion
enumerator In(q) for labeled trees on n+1 vertices is defined to be the
polynomial
In(q)=:
T
qinv(T ),
where T ranges over all labeled trees on [0, 1, ..., n].
The polynomial In(q) is also called the inversion enumerator of labeled
forests on [n], where [n]=[1, 2, ..., n]. A rooted forest is obtained from
the tree by deleting vertex 0 and replacing edges connecting 0 to vertex i
by a root at i.
The following are some fundamental results about In(q).
Theorem 1 (Kreweras). The inversion enumerator In(q) for labeled trees
on n+1 vertices satisfies the recurrence relation (1), i.e.,
I1(q)=1,
In+1(q)= :
n
i=0 \
n
i+ (qi+qi&1+ } } } +1) Ii (q) In&i (q).
Theorem 2. We have
In(1+q)=:
G
qe(G )&n.
where G ranges over all connected graphs (without loops or multiple edges)
on n+1 labeled vertices, and where e(G ) denotes the number of edges of G.
Definition. A k-parking function of length n is a sequence : =
(a1 , a2 , . . ., an) of nonnegative integers satisfying the following condition: If
b1b2 } } } bn is the monotonic rearrangement of the terms of :, then
bik(i&1).
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A 1-parking function is called simply a parking function. The generating
function P (k)n (q) of k-parking functions of length n is defined as
P (k)n (q)= :
:=(a1 , a2 , ..., an)
qa1+a2+ } } } +an,
where : ranges over all k-parking functions of length n.
Given a k-parking function :=(a1 , a2 , ..., an), define its complement
: =(kn&a1 , kn&a2 , ..., kn&an). Obviously, if c1c2 } } } cn is the
monotomic rearrangement of the terms of : , then kicikn.
Define the generating function of complements of k-parking functions to
be the polynomial
P (k)n (q)=:
:
qc1+c2+ } } } +cn&k(
n+1
2 )
=:
:
qk (
n
2) &(a1+a2+ } } } +an)=qk (
n
2)P (k)n (1q),
where : ranges over all k-parking functions of length n.
For k=1, Kreweras proved the following result:
Theorem 3. The generating function of complements of k-parking
functions P (k)n (q) satisfies the recurrence relation (1).
Corollary 4. From Theorem 1 and 3 we have
In(q)=P (1)n (q)=q
( n2)P (1)n (1q),
or equivalently
q(
n
2) In(1q)=P (1)n (q).
3. MAIN THEOREMS
We want to extend Kreweras’s theorem to general k. First, we need to
generalize the notion of an inversion of a rooted forest. Let us give the
definition of a rooted k-forest which is due to Stanley. A rooted k-forest is
a rooted forest on vertices [1, 2, ..., n] with edges colored with the colors
0, 1, ..., k&1. There is no further restriction on the possible coloring of the
edges. Denote the color of an edge e by }(e). Define the k-inversion invk(F )
of a rooted k-forest F by
invk(F )=inv(F )+:
v
:
e # K (v)
}(e),
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where inv(F ) denotes the number of inversions of F as an ordinary rooted
forest, K(v) denotes the set of edges lying between the vertex v and the root
of the unique tree to which v belongs, and v ranges over all vertices of F.
Define the k-inversion enumerator I (k)n (q) by
I (k)n (q)=:
F
qinv k (F ),
where F ranges over all rooted k-forests on [n].
Let ( na0 a1 } } } ak ) denote the multinomial coefficient, i.e.,
\ na0 a1 } } } ak+=
n!
a0 ! a1 ! } } } ak !
.
Then we have the following recurrence.
Theorem 5. The k-inversion enumerator I (k)n (q) satisfies the recurrence
relation
I (k)1 (q)=1,
I (k)n+1(q)= :
a0+a1+ } } } +ak=n
\ na0a1 } } } ak+ qa1+2a2+ } } } +(k&1)ak&1
} (1+q+ } } } +qn&ak) I (k)a0 (q) I
(k)
a1
(q) } } } I (k)ak (q), (2)
where a0 , a1 , ..., ak are nonnegative integers.
We will give a result analogous to Theorem 2 which relates the k-inver-
sion enumerator to certain graphs on [n]. To wit, define a multirooted
k-graph to be a rooted graph on the vertex set [n] such that (a) every
connected component of G has at least one root, (b) the edges of G are
colored with colors 0, 1, ..., k&1, and (c) there are no loops or multiple
edges in G. But G can have edges with same endpoints but different colors.
Denote by e(G ) the number of edges of G and by r(G ) the number of roots.
Theorem 6. We have
I (k)n (1+q)=:
G
qe(G )+r(G)&n,
where G ranges over all multirooted k-graphs on [n].
Note that there is a trivial bijection between multirooted 1-graphs on
[n] and connected graphs on [n+1], so Theorem 5 and 6 are true for
k=1. The proof of the case k=2 was first given by present author. Then
Stanley observed that the proof can be generalized to any positive integers.
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In Section 5 we will prove the following result.
Theorem 7. (a) The generating function of complements of k-parking
functions satisfies the recurrence relation
P (k)1 (q)=1,
P (k)n+1(q)= :
n
i=0 \
n
i+ (1+q+ } } } +qk&1)n&i(1+q+ } } } +qki) P (k)i (q) P (1)n&i (qk).
(b) We have
P (k)n (1+q)=:
G
qe(G )+r(G )&n,
where G ranges over all multirooted k-graphs on [n].
Corollary 8. It follows from Theorem 6 and 7 that the following
equations hold.
P (k)n (q)=I
(k)
n (q),
qk(
n
2)I (k)n (1q)=P
(k)
n (q)= :
(a1 , a2 , ..., an)
qa1+a2+ } } } +an,
where (a1 , a2 , ..., an) ranges over all k-parking functions of length n.
4. PROOFS OF THEOREMS 5 AND 6
Proof of Theorem 5. Every k-colored rooted forest F on [n+1] can be
decomposed into two parts: one is a tree T0 containing vertex 1, the other
is F"T0 , denoted by F1 . Let ak be the number of vertices in F1 . Since F1
is a k-colored rooted forest on ak labeled vertices, we have
I (k)n+1(q)=:
F
qinv k (F )
= :
(T0 , F1)
qinv k (T0)+invk (F1)
= :
n
ak=0
\ nak+ :T0 q
invk (T0) :
F1 # [ak ]
qinv k (F1 )
= :
n
ak=0
\ nak+\:T0 q
invk (T0)+ I (k)ak (q), (3)
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where T0 ranges over all k-colored rooted trees on n+1&ak labeled
vertices, and F1 in the second and third rows ranges over all k-colored
rooted forests on ak labeled vertices.
In the definition of inversion, we only use the order between labels,
so the actual value of the labels is not of concern. Thus we may simply
assume that T0 ranges over all k-colored rooted trees on [n+1&ak]=
[1, 2, ..., n+1&ak].
Let Tj be the set of all k-colored rooted trees on [n+1&ak] with root
j, where 1 j n+1&ak . For any T # Tj , T $=T"[ j] is a k-colored forest
on n&ak labeled vertices. Suppose H0, 1 , H0, 2 , ..., H0, t0 , H1, 1 , ..., H1, t1 , ...,
Hk&1, 1 , ..., Hk&1, tk&1 are all the connected components of T $, where the
edge from the root j to Hi, s is colored by i (0ik&1). Furthermore,
let the number of vertices in Si=Hi, 1 _ Hi, 2 _ } } } _ Hi, ti be ai for 0i
k&1. Thus
invk(T )=j&1+a1+2a2+ } } } +(k&1) ak&1+invk(T $)
=j&1+a1+2a2+ } } } +(k&1) ak&1
+invk(S0)+invk(S1)+ } } } +invk(Sk&1). (4)
We may view Si ’s as rooted forests on ai labeled vertices, so we have
:
T0 # [n+1&ak]
qinvk (T0)
= :
n+1&ak
j=1
:
T # Tj
qinv k (T )
= :
n+1&ak
j=1
q j&1 :
T # Tj , |Si |=ai
} qa1+2a2+ } } } +(k&1) ak&1+inv k (S0)+invk (S1)+ } } } +inv k (Sk&1)
= :
n+1&ak
j=1
q j&1 :
|Si |=ai for 0ik&1
a0+a1+ } } } +ak&1=n&ak
\ na0a1 } } } ak&1+
} qa1+2a2+ } } } +(k&1) ak&1 } qinv k(S0)+ } } } inv k (Sk&1)
=(1+q+ } } } +qn&ak) :
a0+a1+ } } } +ak&1=n&ak
\ n&aka0a1 } } } ak&1+
} qa1+2a2+ } } } +(k&1) ak&1 } I (k)a0 (q) I
(k)
a1
(q) } } } I (k)ak&1 (q). (5)
Since ( nak)(
n&ak
a0a1 } } } ak&1
)=( na0a1 } } } ak) where a0+a1+ } } } +ak=n, substituting
Eq. (5) into Eq. (3), yields Eq. (2). K
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Proof of Theorem 6. Let C (k)n (q)=G q
e(G )+r(G )&n where G ranges
over all multirooted k-graphs on [n]. It is clear that C (k)1 (q)=1. To show
that C (k)n (q)=I
(k)
n (1+q), it suffices to show that C
(k)
n (q) satisfies the same
recurrence as I (k)n (1+q), i.e.,
C (k)n+1(q)= :
a0+a1+ } } } +ak=n
\ na0 a1 } } } ak+ (1+q)a1+2a2+ } } } +(k&1) ak&1
}
(1+q)n&ak+1&1
q
C (k)a0 (q) C
(k)
a1
(q) } } } C (k)ak (q). (6)
To prove Eq. (6), let G be a multirooted k-graph on [n+1], and let
G0 be the unique connected component containing the vertex 1. Then
G1=G"G0 is a multirooted k-graph as well. Suppose there are ak vertices
in G1 . Then
:
G
qe(G )+r(G )&(n+1)= :
n
ak=0
:
G: |G1 |=ak
qe(G0)+r(G0)&(n&ak+1) } qe(G1)+r(G1)&ak
= :
n
ak=0
\ nak+\:G0 q
e(G0)+r(G0)&(n+1&ak)+ } C (k)ak (q), (7)
where G0 ranges over all connected multirooted k-graphs on n+1&ak
labeled vertices. Note that there must be at least one root in G0 . Hence
:
G0
qe(G0)+r(G0)&(n+1&ak)=:
G0
qr(G0)&1 } qe(G0)&(n&ak)
= :
n&ak+1
j=1 \
n&ak+1
j + q j&1 } :G0 q
e(G0)&(n&ak)
=
(1+q)n&ak+1&1
q
:
G0
qe(G0)&(n&ak). (8)
To compute the last factor, suppose that H0, 1 , H0, 2 , ..., H0, t0 , H1, 1 ,
H1, 2 , ..., H1, t1 , ..., Hk&1, 1 , ..., Hk&1, tk&1 are all the connected components in
G0"[1], where Hi, s are connected to vertex 1 with maximal edge-color i
(0ik&1). Let Si=Hi, 1 _ Hi, 2 _ } } } _ Hi, ti . Let Ti be the set of
vertices in Si which are connected to vertex 1 with edges colored i. It is
easy to see that if we let the Ti ’s be the sets of roots, then all the pairs
(Si , Ti) are multirooted k-graphs. Finally, let Pi be the set of vertices in
Si+1 _ Si+2 _ } } } _ Sk&1 which are connected to 1 with edges colored i
(0ik&2).
Conversely, given multirooted k-graphs Si with root sets Ti for
0ik&1, and also given the vertex set Pi/Si+1 _ } } } _ Sk&1 for
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0ik&2, we can recover G0 by (a) replacing the root k in Si by an edge
colored i between vertices k and 1 for all i; and (b) adding an edge colored
i between 1 and any vertex in the set Pi for 0ik&2.
The above procedure yields a bijection between connected multirooted
k-graphs G0 on n+1&ak labeled vertices and tuples (S0 , S1 , ..., Sk&1;
P0 , P1 , ..., Pk&2) where the Si ’s are multirooted k-graphs on disjoint vertex
sets whose union is v(G0)"[1], and where Pi is a subset of the vertex set
of Si+1 _ } } } _ Sk&1. Assuming the number of vertices in Si is ai , then
0|Pi |ai+1+ai+2+ } } } +ak&1, and we have
:
G0
qe(G0)&(n&ak)
= :
(S0 , ..., Sk&1; P0 , ..., Pk&2)
qe(S0)+r(S0)+ } } } +e(Sk&1)+r(Sk&1)+|P0 |+ } } } +|Pk&2 |&(n&ak)
= :
a0+a1+ } } } +ak&1=n&ak
\ :
|Si |=ai
[(S0 , ..., Sk&1; P0 , ..., Pk&2)
qe(S0)+r(S0)+ } } } +e(Sk&1)+r(Sk&1)&(n&ak)+
} (1+q)a1+a2+ } } } +ak&1 } (1+q)a2+ } } } +ak&1 } } } (1+q)ak&1
= :
a0+a1+ } } } +ak&1=n&ak
(1+q)a1+2a2+ } } } +(k&1) ak&1 \ n&aka0 a1 } } } ak&1+
} C (k)a0 (q) C
(k)
a1
(q) } } } C (k)ak&1 (q). (9)
Substituting Eq. (9) into Eq. (7) and (8) we get Eq. (6). K
5. PROOF OF THEOREM 7
The following proof is modeled after the proof of [Kreweras, Theorem II].
Proof of Theorem 7. (a) Let : =(a1 , a2 , ..., an+1) be a complement of
a k-parking function of length n+1. Let : i=(a1 , a2 , ..., an , an+1&i) for
0ian+1. Let ; =: i if : i is a complement of a k-parking function, but
: i+1 is not. We call ; the reduced complement of a k-parking function of
length n+1. It is easy to see that if ; is reduced, then the last term of ;
must be a multiple of k. Let Bj be the set of all reduced complements
of k-parking functions of length n+1 with the last term k( j+1), for
j=0, 1, ..., n. If we define
P (k)n+1, j (q)= :
(a1 , a2 , ..., an+1) # Bj
qa1+a2+ } } } +an+1&k(
n+2
2 ) ,
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then
P (k)n+1(q)= :
n
j=0
(1+q+ } } } +qk(n&j )) P (k)n+1, j (q). (10)
To compute P (k)n+1, j (q), for some ; # Bj , assume that ; =(a1 , a2 , ..., an ,
k( j+1)), and let b1b2 } } } bn+1 be the monotonic rearrangement of
the terms of ; . Because ; is reduced, it must satisfy the following conditions:
1. bj+1=k( j+1);
2. kibikj+k&1 for 1i j ; and
3. kibik(n+1) for j+2in+1.
First consider (b1 , b2 , ..., bj). Every bi can be uniquely written as kqi+ri
with 0rik&1. Since kibikj+k&1, then kikqikj. That implies
iqi j. By definition, any permutation of the sequence (q1 , q2 , ..., qj ) is a
1-parking function. Thus, the sequence (b1 , b2 , ..., bj ) can be uniquely
written as k(q1 , q2 , ..., qj )+(r1 , r2 , ..., rj ) where 0rik&1. We then
have
:
j
i=1
(bi&ki)=k :
j
i=1
(qi&i)+ :
j
i=1
ri ,
:
(b1 , b2 , ..., bj )
q
j
i=1 (bi&ki )=( :
(q1 , q2 , ..., qj )
qk 
j
i=1 (qi&i)+ } (1+q+ } } } +qk&1) j.
For j+2in+1, let di=bi+j+1&k( j+1). Then we have kidi
k(n&j ) for i=1, 2, ..., n&j. That is, any permutation of the sequence
(d1 , d2 , ..., dn&j ) is a k-parking function, and
:
n+1
i=j+2
(bi&ki )= :
n&j
i=1
(di&ki ).
From the above argument we notice that the first n terms (a1 , a2 , ..., an)
of any reduced complement ; # Bj can be decomposed into two sub-
sequences: subsequence S of length j consisting of terms less than k( j+1)
and subsequence T consisting of terms larger than k( j+1). If b1
b2 } } } bn+1 is the monotonic rearrangement of ; , then the monotonic
rearrangements of S and T are (b1 , b2 , ..., bj ) and (bj+2 , ..., bn+1), respec-
tively. These two sequences have the properties described in the previous
two paragraphs.
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Keeping the notation as above, we have
:
n+1
i=1
(bi&ki )= :
j
i=1
(bi&ki )+(bj+1&k( j+1))+ :
n+1
i=j+2
(bi&ki )
=k :
j
i=1
(qi&i)+ :
j
i=1
ri+ :
n&j
i=1
(di&ki ). (11)
Then we have
P (k)n+1, j (q)= :
; # Bj
q i=1
n+1 (bi&ki )
= :
(S, T )
qk i=1 j (qi&i) } (1+q+ } } } +qk&1) j } q i=1
n&j (di&ki )
=\nj + (1+q+ } } } +qk&1) j P (1)j (qk) P (k)n&j (q). (12)
From Eq. (10) it follows that
P (k)n+1(q)= :
n
j=0 \
n
j + (1+q+ } } } +qk&1) j (1+q+ } } } +qk(n&j ))
P (1)j (q
k) P (k)n&j (q)
= :
n
j=0 \
n
j + (1+q+ } } } +qk&1)n&j (1+q+ } } } +qkj )
P (k)j (q) P
(1)
n&j(q
k). (13)
This completes the proof of part (a).
(b) Let
C (k)n =:
G
qe(G )+r(G )&n,
where G ranges over all multirooted k-graphs on [n]. To prove that
P (k)n (1+q)=C
(k)
n (q), it suffices to show that they satisfy the same
recurrence relation, viz.,
C (q)n+1= :
n
j=0 \
n
j +\
(1+q)k&1
q +
n&j (1+q)kj+1&1
q
C (k)j (q) C
(1)
n&j ((1+q)
k&1).
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Given a multirooted k-graph G on [n+1]=[1, 2, ..., n+1], take away
the vertex 1 and all the edges connected to 1. Assume that F1 , F2 , ..., Ft are
the connected components of G"[1], where F1 , F2 , ..., Fr (rt) are those
which do not have any root. Let K be the induced subgraph containing
F1 _ F2 _ } } } _ Fr _ [1], and let L be G"K. Furthermore, assume the
number of vertices of K is i+1. We have
C (k)n+1(q)=:
G
qe(G )+r(G )&(n+1)
= :
K _ L
qe(K)+r(K )&(i+1) } qe(L)+r(L)&(n&i ) } qd(G), (14)
where G ranges over all multirooted k-graphs on [n+1], and where d(G)
is the number of edges between vertex 1 and the subgraph L.
There are ( ni ) ways to choose K. Once the vertices of K are fixed, since
F1 , F2 , ..., Fr do not contain any roots, they must connected to the vertex
1. So K is a connected k-graph on i+1 vertices. By definition of C (1)n (q),
:
P
qe(P)&i=C (1)i (q)
(15)
:
P
qe(P)=C (1)i (q) } q
i,
where P ranges over all connected 1-graphs on i+1 labeled vertices. Apply
Eq. (15) to K, and note that in K, instead of a single edge between a
pair of vertices, there may be any nonempty subset of edges of the set
[0, 1, ..., k&1] of edge colors. Hence
:
K
qe(K )&(i+1)=q&(i+1) :
G \ :
k
i=1 \
k
i + qi+
e(K)
=C (1)i ((1+q)
k&1) } ((1+q)k&1) i } q&1&i
=q&1C (1)i ((1+q)
k&1) \(1+q)
k&1
q +
i
. (16)
It is obvious that L is a multirooted k-graph on n&i vertices. Hence
:
L
qe(L)+r(L)&(n&i)=C (k)n&i (q).
To count d(G), the number of edges between vertex 1 and the subgraph
L, we need to distinguish two cases.
1. Vertex 1 is a root. In this case, 0d(G)k(n&i);
2 Vertex 1 is not a root. In this case, 1d(G)k(n&i).
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Therefore we have
C (k)n+1(q)= :
K _ L
qe(L)+r(L)&(n&i ) } qe(K )&(i+1) } qr(K )+d(G )
= :
n
i=0 \
n
i+ C (k)n&i (q) q&1 \
(1+q)k&1
q +
i
C (1)i ((1+q)
k&1)
} \q } :
k(n&i)
j=0 \
(n&i)k
j + q j+ :
k(n&i)
j=1 \
(n&i)k
j + q j +
= :
n
i=0 \
n
i+\
(1+q)k&1
q +
i
\
 (n&i)k+1j=1 (
(n&i)k+1
j ) q
j
q&1 +
C (1)i ((1+q)
k&1) C (k)n&i (q)
= :
n
i=0 \
n
i+\
(1+q)k&1
q +
n&i (1+q)ki+1&1
q
C (1)n&i ((1+q)
k&1) C (k)i (q). (17)
This finishes the proof. K
Remark. In studying the structure of multirooted k-graphs, we found
another recurrence relation satisfied by C (k)n (q) which can be proved by a
similar argument. Explicitly, we have
C (k)n+1(q)= :
n
j=0 \
n
j +\
(1+q)k&1
q +
n&j (1+q)n&j+1&1
q
C (k)j (q) C
(1)
n&j ((1+q)
k&1).
It is quite amazing that there are so many different recurrence relations
satisfied by the same family of polynomials. It remains open to give a bijec-
tion between k-colored rooted forests and multirooted k-graphs which
induces the equality of the corresponding generating functions.
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